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For each ﬁnite ﬁeld K, we construct a commutative Goldie K-algebra R such
that the polynomial ring Rx is not a Goldie ring. This generalizes a construction
of Kerr. © 2001 Academic Press
1. INTRODUCTION
Recall that a ring R is right Goldie if it satisﬁes the ascending chain
condition on right annihilators (of subsets of R) (for short, acc ⊥) and R
has no inﬁnite direct sum of non-zero right ideals. In [5] Shock proves that a
ring R has no inﬁnite direct sum of non-zero right ideals if and only if Rx
has the same property. In [3] Kerr constructs an example of a commutative
2-algebra R which is a Goldie ring but Rx is not. Thus it is the acc ⊥ that
fails to pass to polynomials. However, in [1], Camillo and Guralnick show
that if R is an algebra over an uncountable ﬁeld satisfying acc ⊥ then Rx
satisﬁes acc ⊥. In [4] Roitman proves that for any countable ﬁeld K there
exists a commutative K-algebra R satisfying acc ⊥ such that Rx does not
satisfy acc ⊥. But Roitman’s examples have an inﬁnite direct sum of non-
zero ideals. Furthermore, in [2] Cedo´ and Herbera construct for each non-
negative integer n and for each countable ﬁeld K a commutative K-algebra
R such that Rx1     xn satisﬁes acc ⊥ and Rx1     xn+1 does not.
These examples have also an inﬁnite direct sum of non-zero ideals.
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In this paper, we construct, for each ﬁnite ﬁeld K, a commutative Goldie
K-algebra R such that Rx is not a Goldie ring.
It would be interesting to know whether for any countable ﬁeld K there
exists a Goldie K-algebra R such that Rx does not satisfy acc ⊥.
2. THE CONSTRUCTION
Example. For each ﬁnite ﬁeld K, there exists a commutative Goldie
K-algebra R such that Rx is not a Goldie ring.
Let K be a ﬁnite ﬁeld with q elements. We consider the following sets of
commuting indeterminates over K:
A = air  i ≥ 1 r = 0 1	
B = bjs  j ≥ 1 0 ≤ s ≤ q	
U = u0 u1	
V = v0 v1     vq	
X = xi  i ≥ 1	
X ′ = x′j  j ≥ 1	 c	
Let f :KABU V  → KXX ′U VU−1 V −1 c be the K-algebra
homomorphism such that
f air = crxiu0u−1r 
f bjs = csx′jv0v−1s 
f ur = ur
f vs = vs
for all i j ≥ 1, 0 ≤ s ≤ q, and r = 0 1.
Let P = Kerf . Since KXX ′U VU−1 V −1 c is a domain, P is
a prime ideal. Now we introduce some weighted degree functions and
usual degree functions on KXX ′U VU−1 V −1 c and KABU V 
that keep the function f a graded function. These degree functions will be
useful in the deﬁnition of the ring R and later in the proofs of the lemmas.
We deﬁne the degrees as follows:
1. w1air = r, w1bjs = s, w1c = 1, and w1ur = w1vs =
w1xi = w1x′j = 0 for all i j ≥ 1, r = 0 1, and 0 ≤ s ≤ q.
2. w2ur = r, w2vs = s, w2c = 1, and w2air = w2bjs =
w2xi = w2x′j = 0 for all i j ≥ 1, r = 0 1, and 0 ≤ s ≤ q.
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3. daiair = 1, daixi = 1, and daiakr = daibjs = daic =
daiur = daivs = daixk = daix′j = 0 for all i j k ≥ 1, i = k, r = 0 1,
and 0 ≤ s ≤ q.
4. dbjbjs = 1, dbjx′j = 1, and dbjair = dbjbks = dbjc =
dbjur = dbjvs = dbjxi = dbjx′k = 0 for all i j k ≥ 1, j = k, r = 0 1,
and 0 ≤ s ≤ q.
5. dUur = 1, and dUair = dUbjs = dUc = dUvs = dUxi =
dUx′j = 0 for all i j ≥ 1, r = 0 1, and 0 ≤ s ≤ q.
6. dV vs = 1, and dV air = dV bjs = dV c = dV ur = dV xi =
dV x′j = 0 for all i j ≥ 1, r = 0 1, and 0 ≤ s ≤ q.
7. dA =
∑
i≥1 dai
8. dB =
∑
j≥1 dbj
Note that P is homogeneous with respect to all of these degrees.
Let I be the ideal in KABU V  generated by:
(i) all elements in P ∩KAB, all elements in P with dA, dB, dU , or
dV ≥ 2;
(ii) ai0bjsu0vs − ai1bj s−1u1vs−1 for all 1 ≤ s ≤ q, if i = j or s = 1 q;
(iii) ai0bi1u0v1 − ai1bi0u1v0 − a1 0b1 1u0v1 − a1 1b1 0u1v0, ai0biq
u0vq − ai1bi q−1u1vq−1 + a1 0b1 1u0v1 − a1 1b1 0u1v0, for all i ≥ 1; and
(iv) u0v0, u1vq and all monomials with dU + dV ≥ 3.
It is clear that I is a homogeneous ideal with respect to the degrees
dA dB dU , and dV . Note that all of the generators of I except those in (iv)
are in P .
Let R = KABU V /I. We denote by Ri j the homogeneous part of
degree i j of R with respect to the degree induced by dU dV  and we
denote by Ri1 i2 i3 i4 the homogeneous part of R of degree i1 i2 i3 i4 with
respect to the degree induced by dA dB dU dV . Hence we have
R = R0 0 + R0 1 + R1 0 + R1 1 + R0 2 + R2 0
and
R =
∞∑
j1=0
∞∑
j2=0
∑
i1+i2≤2
Rj1 j2 i1 i2 
Note that
R0 0 ∼=
KAB
P ∩KAB
is a domain.
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We denote by z¯ the canonical image of z ∈ KABU V  in R. Consider
pix = a¯i0 u¯0 − a¯i1 u¯1x
qjx = b¯j0v¯0 + · · · + b¯jsv¯sxs + · · · + b¯jqv¯qxq
for all i j ≥ 1. Then we have
pixqjx = ai0bj0u0v0 +
q∑
r=1
ai0bjru0vr − ai1bj r−1u1vr−1xr
+ ai1bjqu1vqxq+1
=
q∑
r=1
ai0bjru0vr − ai1bj r−1u1vr−1xr
=
{
0 if i = j
βxq − x if i = j
where β = −a1 0b1 1u0v1 − a1 1b1 0u1v0.
Hence we have two inﬁnite families in Rx, pix	i≥1 and qjx	j≥1,
such that pixqjx = 0 if and only if i = j. Thus Rx does not satisfy
acc ⊥, so we have proved
Lemma 1. Rx does not satisfy acc ⊥ and hence it is not a Goldie ring.
Now we shall see that R is a Goldie ring.
We denote by P the ideal P + I/I of R.
Lemma 2. P = Kβ.
Proof. Let y ∈ P such that y¯ = 0. We may assume that y is homoge-
neous with respect to all of the deﬁned degrees and that dUy dV y
dAy dBy ≤ 1. Hence 1 ≤ dU + dV y ≤ 2. We may also assume that
y is the difference of two monomials.
Case 1 dU + dV y = 1 If dUy = 1 then y = y0u0 + y1u1, for some
y0 y1 ∈ KAB. Since y is homogeneous with respect to w2, y = y0u0
or y = y1u1. Now, since P is prime and u0 u1 ∈ P , we have that y0 y1 ∈
P ∩KAB. Thus y ∈ I, but y¯ = 0, a contradiction. Therefore dV y = 1.
Thus y = ∑qs=0 ysvs, for some ys ∈ KAB. Since y is homogeneous with
respect to w2, y = ysvs for some s. Since P is prime and vs ∈ P , we have
that ys ∈ P ∩KAB. Thus y ∈ I, a contradiction. Hence this case is not
possible.
Case 2 dU + dV y = 2 In this case dUy = dV y = 1 and y =
yrsurvs − yr ′s′ur ′vs′ , where yrs yr ′s′ are monomials in KAB. By Case 1,
since P is prime we have that r = r ′ and s = s′. We may assume that ur = u0
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and ur ′ = u1. By the form of the generators of I and the degree w2, the
only possibility is that y = y0su0vs − y1 s−1u1vs−1 for some 1 ≤ s ≤ q.
Since f y = f y0su0vs − f y1 s−1u1vs−1 = 0, there exists λ ∈ K such
that y0s = λai0bjs, for some i j ≥ 1. By using the degrees dai and dbj and
looking at f y = 0, we have also that y1 s−1 = λai1bj s−1. Since y¯ = 0, we
have i = j and s = 1 or q. Hence y¯ = ±λβ.
Lemma 3. If y ∈ KAB and y¯ = 0 then
Anny¯ =
{ P if y ∈ A ∪ BKAB,
0	 otherwise,
and AnnP = Annβ =∑i1 i2 i3 i4=0000Ri1 i2 i3 i4 
Proof. Let y ∈ KAB be such that y¯ = 0. It is clear that if y ∈ A∪B
KAB, then Anny¯ = 0	. Suppose that y ∈ A ∪ BKAB. By the
form of the generators of I, we have βy¯ = 0. By Lemma 2, P ⊆Anny¯.
Let z ∈ KABU V  be such that zy ∈ I. By the form of the generators
of I, we may assume that
z =
1∑
r=0
q∑
s=0
zrsurvs
for some zrs ∈ KAB, and that z00 = z1q = 0. By the form of the genera-
tors of I, we see that yz ∈ P . Since P is a prime ideal and y ∈ P , we have
z ∈ P . The second part follows from Lemma 2.
Recall that a non-zero submodule L of a right module M is said to be
essential inM if for all non-zero submodules L′ ofM we have L∩L′ = 0	.
We write L ≤e M to denote that L is essential in M . A non-zero right
module M is said to be uniform if L ≤e M for all non-zero submodules
L of M .
It is well known that a ring S has no inﬁnite direct sum of non-zero right
ideals if and only if there exist I1     In uniform right ideals of S such that
I1 ⊕ · · · ⊕ In ≤e S
In this case, the non-negative integer n is an invariant of S called the right
Goldie dimension of S.
Lemma 4. The Goldie dimension of R is 3q+ 5.
Proof. Let J be the ideal
J = Ru¯20 + Ru¯0u¯1 + Ru¯21
+
q∑
s=0
Rv¯0v¯s +
q∑
t=1
Rv¯qv¯t +
q∑
s=1
Ru¯0v¯s
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By using the degree dU dV  and the form of the generators of I, we
have that the above sum is a direct sum. Furthermore, each of the above
direct summands of J is isomorphic as an R0 0-module to the domain R0 0.
Thus these summands are uniform ideals.
By Lemma 2, it is clear that P is a uniform ideal. Since β /∈ J, the sum
J + P is a direct sum. We shall see that
J + P ≤e R
and thus R has Goldie dimension 3q+ 5.
Let α ∈ R\0	. Then α = α0 0 + α1 0 + α0 1 + α0 2 + α1 1 + α2 0, where
αr s is the homogeneous part of α of degree r s with respect to the degree
dU dV .
If α0 0 = 0, then αu¯20 = α0 0u¯20 ∈ J\0	.
If α0 0 = 0 and α0 1 = 0, then αv¯q = α0 1v¯q + α1 0v¯q ∈ J\0	.
If α0 0 = 0 and α1 0 = 0, then αu¯0 = α1 0u¯0 + α0 1u¯0 ∈ J\0	.
Thus we may assume that α0 0 = α0 1 = α1 0 = 0 and α ∈ R0 2+
R1 1 + R2 0. Note that
b1rb1svrvs − b1 0b1 r+sv0vr+s
b1r ′b1s′vr ′vs′ − b1qb1 r ′+s′−qvqvr ′+s′−q
a2 0b1tu0vt − a2 1b1 t−1u1vt−1
are elements in P ∩ I for all r + s ≤ q, for all r ′ + s′ > q, and for all
1 ≤ t ≤ q.
Let
b =
(
q∏
s=0
b1s
)2
and
a = a2 1
q−1∏
s=0
b1s
Then b¯R0 2 ⊆ J and a¯R1 1 ⊆ J. Since R2 0 ⊆ J, a¯b¯α ∈ J. Since a¯b¯ = 0,
if a¯b¯α = 0 then, by Lemma 3, α ∈ P .
Hence J ⊕ P ≤e R.
Lemma 5. Let y¯ z¯ ∈ R0 1 + R1 0\0	 be homogeneous elements with
respect to the degrees dU dV such that y¯z¯ = 0. Then either y¯ ∈ R0 1 and
z¯ ∈ R1 0, or y¯ ∈ R1 0 and z¯ ∈ R0 1.
Proof. We may assume that y z /∈ I are homogeneous with respect to
dU dV and that dU + dV y = dU + dV z = 1. We have that yz ∈ I.
By the form of the generators of I, it is clear that it is not possible that
y¯ z¯ ∈ R1 0 or that y¯ z¯ ∈ R0 1.
268 antoine and cedo´
Lemma 6. Let y¯ ∈ R1 0, z¯ ∈ R0 1 be non-zero elements such that y¯z¯ = 0.
Then one of the following cases holds:
(i) y¯ ∈ Ru¯0 and z¯ ∈ Rv¯0,
(ii) y¯ ∈ Ru¯1 and z¯ ∈ Rv¯q,
(iii) y¯ = y¯0u¯0 + y¯1u¯1 and z¯ = z¯0v¯0 + z¯1v¯1 + · · · + z¯qv¯q, where
y¯0 y¯1 z¯0     z¯q are non-zero and
y0zsu0vs + y1zs−1u1vs−1 ∈ P
for all s = 1     q.
Proof. We may assume that
y = y0u0 + y1u1
and
z = z0v0 + · · · + zqvq
with y0 y1 z0     zq ∈ KAB.
Since
yz = y0z0u0v0 +
q∑
s=1
y0zsu0vs + y1zs−1u1vs−1 + y1zqu1vq ∈ I
we have that
q∑
s=1
y0zsu0vs + y1zs−1u1vs−1 ∈ P ∩ I
By using the degree w2, we have that
y0zsu0vs + y1zs−1u1vs−1 ∈ P
for all s = 1     q.
If y¯1 = 0, then y¯0 = 0. Thus y0 /∈ P and y1 ∈ P . Then, in this case,
y0zsu0vs ∈ P
for all s = 1     q. Since P is a prime ideal,
zs ∈ P s = 1     q
Hence z¯ = z¯0v¯0 ∈ Rv¯0 and y¯ ∈ Ru¯0, so case (i) holds.
If y¯0 = 0, then y¯1 = 0. Thus y1 /∈ P and y0 ∈ P . Then, in this case,
y1zs−1u1vs−1 ∈ P
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for all s = 1     q. Since P is a prime ideal,
zs ∈ P s = 0     q− 1
Hence z¯ = z¯qv¯q ∈ Rv¯q and y¯ ∈ Ru¯1, so case (ii) holds.
If y¯0 and y¯1 are non-zero, then y0 y1 /∈ P . Thus, since P is a prime ideal,
zs ∈ P ⇔ zs−1 ∈ P
for all s = 1     q. Since z¯ = 0, we have that z¯0     z¯q are non-zero, so
case (iii) holds.
Now we are ready to prove
Lemma 7. R satisﬁes acc ⊥.
Proof. To prove that R satisﬁes acc ⊥ it is enough to show that for any
pair of sequences y¯m	m≥1 and z¯m	m≥1 of non-zero elements in R such
that y¯pz¯m = 0 for 1 ≤ p < m we have y¯mz¯m = 0 for almost all m.
Suppose that there exists a pair of sequences y¯m	m≥1 and z¯m	m≥1 of
elements in R such that
y¯pz¯m = 0 for 1 ≤ p < m
and
y¯mz¯m = 0 for all m ≥ 1
We may assume that y¯m and z¯m are homogeneous with respect to the
degrees dU and dV , and that
y¯m z¯m ∈ R1 0 + R0 1
By Lemma 5, we may assume that
y¯m ∈ R1 0 and z¯m ∈ R0 1
for all m ≥ 1. Thus there exist ym0  ym1  zm0  zm1      zmq ∈ KAB
such that
y¯m = y¯m0 u¯0 + y¯m1 u¯1
and
z¯m = z¯m0 v¯0 + z¯m1 v¯1 + · · · + z¯mq v¯q
By Lemma 6, we have that
y¯
m
0  y¯
m
1  z¯
m
0      z¯
m
q
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are non-zero and
y
p
0 z
m
s u0vs + yp1 zms−1u1vs−1 ∈ P
for all 1 ≤ p < m and s = 1     q.
Note that if 1 ≤ pp′ < m then
yp′0 yp1 − yp0 yp
′
1 zms−1u1vs−1
= yp′0 yp0 zms u0vs + yp1 zms−1u1vs−1
− yp0 yp
′
0 z
m
s u0vs + yp
′
1 z
m
s−1u1vs−1 ∈ P
Since P is a prime ideal and zms−1 u1 vs−1 /∈ P , we have
y
p′
0 y
p
1 − yp0 yp
′
1 ∈ P for all 1 ≤ pp′
For m > 1 we have
y
1
0 y
1
1 ym0 zms u0vs + ym1 zms−1u1vs−1
= y11 ym0 − y10 ym1 y10 zms u0vs
+ y10 ym1 y10 zms u0vs + y11 zms−1u1vs−1 ∈ P
Since P is a prime ideal and y10 y
1
1 /∈ P , we have that
y
m
0 z
m
s u0vs + ym1 zms−1u1vs−1 ∈ P
for all m > 1 and all s = 1     q.
Since y¯mz¯m = 0, we may assume that
y
m
0 z
m
s ∈
∑
i j
ai0bjsK
and
y
m
1 z
m
s−1 ∈
∑
i j
ai1bj s−1K
for all m > 1 and all s = 1     q. Now we have that
y
m
r ∈
∑
i
airK r = 0 1
and
z
m
s ∈
∑
j
bjsK s = 0 1     q
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Thus there exist λmir  µ
m
js ∈ K such that
ym =
∑
i≥1
(
λ
m
i0 ai0u0 + λmi1 ai1u1
)
and
zm =
∑
j≥1
(
µ
m
j0 bj0v0 + · · · + µmjq bjqvq
)

By using the degrees dai and dbj , we have
λ
m
i0 ai0u0µ
m
js bjsvs + λmi1 ai1u1µmj s−1bj s−1vs−1 ∈ P
for all i j ≥ 1, all 1 ≤ s ≤ q, and all m > 1.
Hence
λ
m
i0 µ
m
js = −λmi1 µmj s−1
for all i j ≥ 1, all 1 ≤ s ≤ q, and all m > 1.
Since zm = 0, there exist j and s such that
µ
m
js = 0
Since ym0 = 0 and ym1 = 0, there exist i0 i1 such that
λ
m
i00
= 0 and λmi11 = 0
Thus
µ
m
j0  µ
m
j1      µ
m
jq  λ
m
i01
 λ
m
i10
are non-zero. Hence there exist i0     it ≥ 1 and j0     jt ′ ≥ 1 such that
ym =
t∑
k=0
λmik0 aik0u0 + λ
m
ik1
aik1u1
and
zm =
t ′∑
l=0
µmjl0 bjl0v0 +   + µ
m
jlq
bjlqvq
with λmikr  µ
m
jls
non-zero for all k = 0     t, all l = 0     t ′, all r = 0 1,
and all s = 0     q. Set
λm = −
λ
m
i01
λ
m
i00

272 antoine and cedo´
It is easy to see that
λm = −
λ
m
ik1
λ
m
ik0
= µ
m
jls
µ
m
jl s−1
for all k = 0     t, all l = 0     t ′, and all s = 1     q, and that
λsm =
µ
m
jls
µ
m
jl0
for all l = 0     t ′ and s = 1     q. Now we have
y¯m =
t∑
k=0
λ
m
ik0
pikλm and z¯m =
t ′∑
l=0
µ
m
jl0
qjlλm
So we have
y¯mz¯m =
∑
k l
λ
m
ik0
µ
m
jl0
δik jlβλqm − λm = 0
for all m > 1, but y¯mz¯m = 0 for all m ≥ 1, a contradiction. Therefore R
satisﬁes acc ⊥.
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